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ABSTRACT
The effects of dust extinction on the departure from axisymmetry in the morphology of planetary nebulae (PNs)
are investigated through a comparison of the radio free-free emission and hydrogen recombination line images. The
dust extinction maps from five compact PNs are derived using high-resolution (0B1) H and radio maps of the
HST and VLA. These extinction maps are then analyzed by an ellipsoidal shell ionization model including the ef-
fects of dust extinction to infer the nebulae’s intrinsic structure and orientation in the sky. This method provides a
quantitative analysis of themorphological structure of PNs and represents a step beyond qualitative classification of
morphological types of PNs.
Subject headinggs: planetary nebulae: general — stars: AGB and post-AGB — supernovae: general
1. INTRODUCTION
In general, planetary nebulae (PNs) have axisymmetric struc-
tures. The classification of PNs into three basic types, round,
elliptical, and bipolar (Balick 1987), is based on their axisym-
metric appearances. However, many PNs also possess nonaxi-
symmetric structures. Soker & Hadar (2002) proposed a scheme
to classify PNs according to their departure from axisymmetry.
They considered six categories: (1) PNs where the central star is
not at the center of the nebula; (2) PNs having one side brighter
than the other; (3) PNs having unequal size or shape of the two
sides; (4) PNs where the symmetry axis is bent, e.g., the two
lobes in a bipolar PN are bent toward the same side; (5) PNs
where the main departure from axisymmetry is in the outer re-
gions, e.g., an outer arc; and (6) PNs showing no large-scale
departure from axisymmetry. They found that about 50% of the
analyzed sample has large-scale departures from axisymmetry.
The problem of departure from axisymmetry in PNs is usu-
ally investigated through the examination of optical images.
This poses a problem because dust also plays a role in making
such asymmetry. For example, in the sample analyzed by Soker
& Hadar (2002), more than half of the PNs they found to have
departure from axisymmetry are the types with unequal inten-
sity or size. This kind of asymmetric appearance can also be
caused by dust extinction, even if the intrinsic brightness of the
nebula is axisymmetric. It is very difficult to draw conclusions
about the real shapes of PNs based only on their apparent op-
tical forms. In order to remove the bias caused by dust extinc-
tion while investigating the shapes of PNs, it is necessary to
understand the dust distribution in PNs.
Asymptotic giant branch (AGB) stars eject large amounts
of dust and gas in the form of stellar winds. These stellar grains
are a major source of dust grains in the Galaxy (Gehrz 1989).
Although the details of dust formation are still poorly under-
stood, the properties of circumstellar dust have been extensively
studied in the infrared, e.g., by the Infrared Astronomy Satellite
(IRAS ) and Infrared Space Observatory (ISO) missions. Since
PNs descend from AGB stars, the remnants of the AGB dust en-
velopes should still be present in PNs (Kwok1982). The presence
of dust in PNs was first detected in NGC 7027 via its infrared
emission (Gillett et al. 1967). This infrared excess peaks around
30 m and has a color temperature of 100 K. Although the
existence of dust in PNs first came as a surprise, its widespread
presence is now confirmed by IRAS observations (Pottasch et al.
1984; Zhang & Kwok 1991).
While the presence of dust in PNs is well established by in-
frared spectroscopy, very little is known about its spatial distri-
bution. Recent development in mid-infrared cameras has just
begun to explore the dust distribution of PNs (see, e.g., Volk
& Kwok 2003; Su et al. 2004). However, a full mapping of
the dust distribution of PNs has to wait until the development
of large-format mid-infrared cameras with high resolution and
high sensitivity. An alternate and underused method to derive
the dust distribution is comparing the hydrogen recombination
line map of a PN with its corresponding radio free-free con-
tinuum map. The recombination line (e.g., H) and free-free
continuum emission are independent tracers of the distribution
of the ionized gas, and both of their fluxes are proportional to
n2e V under optically thin conditions, where ne is the electron
density and V is the volume of the nebula. If dust is present, it
will have no effect on the long wavelength radio emission, but
the H emission will be attenuated by dust. Therefore, the dust
distribution can be indirectly obtained by comparing the H
and radio maps, assuming that the dust is associated with the
ionized gas. This method has been applied to different objects
by various authors (e.g., Va´zquez et al. 1999; Eyres et al. 2001).
In this paper, we have derived optical depth maps of five com-
pact PNs obtained with the same technique. Compact PNs are
selected for this study because their small angular sizes allow
the assumption that any foreground interstellar extinction is ho-
mogeneous over the entire object, so that the different degrees
1 Current address: National Optical Astronomy Observatory, 950 North
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of extinction over a PN are only related to its internal dust
distribution.
2. DERIVATION OF THE OPTICAL
DEPTH DISTRIBUTION
In a fully ionized region, both the free-free emission and the re-
combination fluxes are proportional to n2e V , where ne is the elec-
tron density. The ratio of the free-free flux to the H recombination
line fluxes under case B (where recombination to the ground state
is excluded) is given by the following equation (Pottasch 1984):
S Að Þ
F Hð Þ ¼ 2:51 ;10
7T 0:53e 
0:1Y Jy ergs cm2 s1
 1
; ð1Þ
where Te is the electron temperature and
Y ¼1þ n He
þð Þ
np
þ 3:7 n He
þþð Þ
np
ð2Þ
corrects for the contribution to the free-free flux from He ions.
For a He-to-H number ratio of 0.11 and for He to be equally di-
vided between singly and doubly ionized forms, Y has a value
of 1.258. Under case B, the effective recombination coefficients
for H and H have a ratio of 2.85 (Hummer & Storey 1987).
For Te¼104 K, equation (1) can be written as
Fexp Hð Þ¼ 6:85 ; 1010 
GHz
 0:1
S
Jy
 
ergs cm2 s1;
ð3Þ
which can be used to calculate the expected flux of H emis-
sion without dust extinction from the flux density of radio con-
tinuum emission.
In order to derive the extinction map, we begin with the ra-
dio continuum and H maps of the same PN at similar angular
resolutions. The expected H emission at each pixel is derived
from the radio continuummap and then divided by the observed
H emission map for each object to obtain an extinction map, in
which the dust optical depth at each pixel can be calculated. The
intensity emitted by an object and received by the observer is
related by the optical depth  as
Fobs¼ Fexpe ; ð4Þ
where Fexp is the intensity emitted by the object, i.e., the inten-
sity expected to be received by the observer if no dust is present.
Therefore, the dust optical depth for the H emission is ob-
tained by taking the natural logarithm of the ratio of the ex-
pected and observed H flux:
H¼ ln Fexp Hð Þ
Fobs Hð Þ : ð5Þ
3. SAMPLE SELECTION AND DATA PROCESSING
In this paper, we have selected five compact PNs with known
high infrared excesses. Figure 1 shows the spectral energy dis-
tributions (SEDs) of these five PNs from optical to radio wave-
lengths, illustrating the infrared excess caused by dust. The
Fig. 1.—SEDs of BD +30 3639 (top left), IC 5117 (top middle), M1-61 (top right), M2-43 (bottom left), and M3-35 (bottom right). The asterisks show ground-
based optical and 2MASS measurements, the triangles show IRAS measurements, the crosses show MSX measurements, the diamonds show radio measurements,
and the solid lines show the IRAS LRS spectra. The dashed line shows the fitted blackbody curve for the dust emission. The dust temperatures are: BD +30 3639:
Td ¼ 190 K; IC 5117: 180 K; M1-61: 170 K; M2-43: 200 K; and M3-35: 180 K.
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ground-based optical data are from Acker et al. (1992, 1981).
The near-infrared J-, H-, and K-band photometry are from the
Two Micron All Sky Survey (2MASS), extracted from the
2MASS All-Sky Catalog of Point Sources (Cutri et al. 2003).
The mid-infrared photometry includes IRAS photometry, IRAS
low-resolution spectra (LRS), and recent measurements from the
Midcourse Space Experiment (MSX ). The MSX measurements
were extracted from the MSX Point Source Catalog (Egan et al.
2003). Radio photometric measurements (mostly at 2 and 6 cm)
are fromAaquist &Kwok (1990), Basart &Daub (1987), and this
study. As clearly shown in Figure 1, the infrared excess of the PNs
iswell represented by a single blackbody curvewith a temperature
200 K.
High-resolution H and radio images of these PNs are avail-
able from the Hubble Space Telescope (HST ) and the Very Large
Array (VLA), respectively. The basic information for the five
objects is listed in Table 1, and the angular resolutions of the im-
ages are listed in Table 2. With these high-resolution images, the
point-to-point spatial extinction distribution in the PNs can be
obtained with angular resolutions as high as 0B1.
For IC 5117,M1-61, M2-43, andM3-35, theHSTWide Field
Planetary Camera 2 (WFPC2) H images were obtained under
the General Observer (GO) program 8307 (Kwok et al. 2003).
For BD +30 3639, the HST WFPC2 H image was first pre-
sented in Harrington et al. (1997), and the calibrated images
were obtained from the HST archive. The only image process-
ing needed was to remove cosmic rays with the task crrej in
IRAF. The angular resolution FWHM of these images ranges
from 0B085 to 0B11.
For BD +30 3639, the 6 cm radio image was from Bryce
et al. (1997). It was obtained by combining VLA and Multi-
Element Radio-Linked Interferometer Network (MERLIN) ob-
servations, resulting in a very high angular resolution of0B08.
For the remaining four objects, the radio continuum maps were
observed by Aaquist & Kwok with the VLA at 2 cm in the
A configuration in 1998 March. The unpublished data were
retrieved from the VLA archive and reduced using the package
AIPS following the standard procedures of continuum data re-
duction, as summarized in Appendix A of the AIPS Cookbook
(National Radio Astronomy Observatory 2003). After the data
were calibrated, the final CLEAN images were generated with
robust weighting in order to obtain images with minimum noise
levels while maintaining the highest angular resolution. This
ranges from 0B12 to 0B15 in the final CLEAN maps.
The operations taken to combine the radio and optical data
and to derive the optical depth map are performed in the fol-
lowing sequence. The HST images were first oriented north-up
with the Karma visualization software package (Gooch 1996).2
Subsequent regridding and other steps were performed in AIPS.
Because the coordinates of the HST images have an uncertainty
of 0B5, there is usually an offset in the positions of the same
object in the radio and optical images. To correct this, the H
images were shifted and aligned by eye to match with the radio
continuum maps using features common in both images. Table 3
gives the offset of the coordinates for each object; a positive
sign indicates that the optical image has been shifted eastward
or northward. Each object’s H image was convolved with an
extended Gaussian to match the beam size of the corresponding
radio image, except for BD +30 3639. Because the radio contin-
uum image of BD +30 3639 has a higher resolution than its H
image, it was convolved with an extended Gaussian to match
the FWHM of the H image. The radio image was transformed
so that its pixel coordinate grid was consistent with that of the
HST image. Division and natural logarithm operations were then
performed to obtain an optical depth map as in equation (5).
4. RESULTS AND ANALYSIS
Extinction maps showing the dust optical depth for the five
compact PNs are presented in Figure 2. For comparison, the H
brightness and extinction maps for each object are shown side
by side, and the corresponding radio continuum contours are
TABLE 1
Basic Information for Five Compact PNs
Object Galactic PNa R.A.b Decl.c
Radio Diameter
(arcsec)
BD +30 3639 ................... PN G064.7+05.0 19 34 45.2 +30 30 59 6
IC 5117 ............................ PN G089.805.1 21 32 31.0 +44 35 48 1.5
M1-61............................... PN G019.405.3 18 45 56.0 14 27 42 1.8
M2-42............................... PN G027.6+04.2 18 26 40.2 02 42 58 1.5
M3-35............................... PN G071.602.3 20 21 03.8 +32 29 22 1.5
a Galactic coordinates in degrees.
b Units are hours, minutes, and seconds.
c Units are degrees, arcminutes, and arcseconds.
TABLE 2
The Angular Resolutions of the Radio and Optical Images
VLA HST
Object
Beam Size
(arcsec)
Beam PA
(deg)
FWHM
(arcsec)
BD +30 3639 ............. 0.082 ; 0.078 28.37 0.11
IC 5117 ...................... 0.13 ; 0.12 85.27 0.085
M1-61......................... 0.20 ; 0.14 15.98 0.085
M2-43......................... 0.15 ; 0.13 25.51 0.095
M3-35......................... 0.12 ; 0.12 81.02 0.085
TABLE 3
The Angular Distances Shifted in H Images
Object
Eastward
(arcsec)
Northward
(arcsec)
Offset Distance
(arcsec)
BD +30 3639 ............. 0.364 0.455 0.583
IC 5117 ...................... 0.536 0.378 0.656
M1-61......................... 0.261 +0.261 0.369
M2-43......................... +1.548 0.273 1.572
M3-35......................... 1.138 0.299 1.177
2 See also http://www.atnf.csiro.au /karma.
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superposed on both maps. All images are oriented with north up
and east to the left.
4.1. BD +30 3639
The radio continuum image of BD +30 3639 shows a ringlike
structurewith two peaks of roughly the same brightness in the north
and south regions. The H image also shows a ringlike structure
with two peaks. However, the ring shows unequal brightness in the
east and west regions, which indicates that the ring suffers more
dust extinction in the west, as shown in the optical depth map. The
two high-extinction regions in the northeast and southwest are in
roughly the same positions as the pair of high-velocity molecular
knots found with CO line imaging by Bachiller et al. (2000).
4.2. IC 5117
The radio continuum image of IC 5117 shows a shell structure
with two emission peaks. Such a shape can be simply explained as
a prolate ellipsoidal shell projected onto the plane of the sky
(Aaquist & Kwok 1991). The H image shows a similar structure
with two pairs of faint bipolar lobes oriented at different angles
(see the image displayed by Kwok et al. 2003). The lobes are not
seen in the radio continuum because of relatively low sensitivity
for the radio map. The extinction map shows a similar structure to
that of the radio map, in which the high-extinction region follows
the region of high brightness in radio. However, the two extinction
peaks fall slightly outside the radio peaks. A similar situation has
been found in the dust extinctionmap of NGC 7027 (Walton et al.
1988).
4.3. M1-61
The radio continuum image shows a shell structure with two
pronounced emission peaks of roughly the same brightness. In
the H image, the eastern peak is weaker than the western peak,
and there is at least one pair of faint bipolar lobes in the outer
Fig. 2.—Images of BD +30 3639 (top), IC 5117 (bottom), M1-61 (next page, top), M2-43 (next page, middle), andM3-35 (next page, bottom). Left: Radio continuum
(contours) on HST H image (colors, in a square-root intensity scale). Right: Radio continuum (contours) on an extinction map (colors). The color bar indicates
-values. For BD +30 3639, the contour levels are 3, 5, 10, and 15 with the noise level  ¼ 4:5 ; 105 Jy beam1. For IC 5117, the contour levels are 3, 5, 10,15, 20, 25,
30, 40, and 50  with the noise level  ¼ 8:89 ;105 Jy beam1. For M1-61, the contour levels are 3, 5, 10, 15, 20, 25, 30, 35, 40, and 45  with the noise level
 ¼ 8:2 ; 105 Jy beam1. For M2-43, the contours levels are 3, 5, 10, 20, 30, 40, 50, 60, 70, and 80  with the noise level  ¼ 1:11 ;104 Jy beam1. For M3-35 the
contour levels are 3, 5, 10, 15, 20, 25, 30, 40, and 50  with the noise level  ¼ 7:58 ; 105 Jy beam1.
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Fig. 2.—Continued
region (see the image displayed by Kwok et al. 2003). The ex-
tinction map shows that the optical depth is higher in the region
of brighter radio emission, with a strong extinction peak near the
eastern radio peak.
4.4. M2-43
The radio continuum image shows a shell structure, with the
southern peak brighter than the northern one. The H image
shows a similar structure with slightly extended faint emission
outside the radio emission region. However, the northern peak
of the H emission is brighter than the southern one. As a re-
sult, although the structure of the extinctionmapmainly follows
that of the radio map, the optical depth in the southern part is
significantly higher than that in the northern part. The extinc-
tion peaks also falls slightly outside the radio peaks.
4.5. M3-35
The radio continuum image shows a deep central emission
minimum and two surrounding peaks with concave contours at
roughly the same brightness. The H image shows two peaks at
approximately the same location with two pairs of faint bipolar
lobes outside (see the image displayed by Kwok et al. 2003).
The extinction map has a similar structure to that of the radio
map, with the high-extinction region coinciding with the con-
cave region.
4.6. Uncertainties in the Optical Depth
Figure 3 shows the uncertainties propagated from the radio
and optical images. The uncertainty associated with the optical
depth  is given by
 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
radio
Fradio
 2
þ H
FH
 2s
; ð6Þ
where radio and H are the rms noise of the radio continuum
and optical H images, respectively. Since the optical images
have higher signal-to-noise ratios, the uncertainty of the optical
depth is dominated by the radio image. Hence, the uncertainty
map of the optical depth and the radio continuum map have
similar structure. The optical depth uncertainty ranges from
  0:01 to 0.4, where smaller values lie in the regions with
stronger radio emission.
The calculations of optical depth above use several assump-
tions. To investigate whether the optical depth is sensitive to
these assumptions, the uncertainties propagated from them should
also be examined. Among these approximations, the electron
temperature Te gives the most significant uncertainty. While
most PNs have Te in the vicinity of 10,000 K, the electron tem-
peratures of PNs cover a range of 5000–15,000 K, with Te 
20;000 K in some extreme cases. As a result, different choices
of Te will give different values of the optical depth.
To calculate the uncertainty propagated from the assump-
tion that Te¼10;000 K, we estimate the uncertainty for Te to be
roughly Te ¼ 5000 K. Since  / ln Fexp(H)/ ln T0:53e ,
the uncertainty propagated into the optical depth is  /
0:53 Te /Teð Þ / 0:53 5000/10;000ð Þ  0:27. This value is an
order of magnitude smaller than the derived optical depth. This
uncertainty from the electron temperature will only shift the
values of the derived optical depths by a constant, but it will not
change the overall appearance of the extinction caused by its
dust in a PN.
4.7. Dust Distribution
All five PNs in this study show that the H emission peaks
and the radio continuum emission peaks are in the same regions.
In four of them, the peaks of the dust extinction also reside in
the same regions. These results suggest that the ionized gas and
the dust have similar distributions, so at least part of the dust is
mixed with the ionized gas.
On the quantitative scale, the faintest parts of the optical im-
age correlate with the peaks of the extinction distribution, as is
expected. As an independent check, Kastner et al. (2002) com-
pared the X-ray emission map of BD +30 3639 with its extinc-
tion map derived from optical and infrared images and showed that
the peak of the X-ray emission also lies in the region with min-
imum extinction.
We note that the radio images, the H images, and the dust
optical depth maps only represent the column density distribu-
tion along the line of sight. In order to remove projection effects
and reconstruct the three-dimensional ionized gas and dust dis-
tributions in the PNs, we have developed a three-dimensional
model. The details of the model analysis are presented in the
next section.
5. THE THREE-DIMENSIONAL DUSTY ELLIPSOIDAL
SHELL (DES) MODEL
While the classification of PN morphology is based on ap-
pearance, this approach is vulnerable to projection effects. For
example, elliptical and bipolar nebulae can appear round when
the nebulae are viewed pole-on. In order to study their intrin-
sic properties, there have been many attempts to find the detailed
three-dimensional structures of PNs (Khromov & Kohoutek
1968). Since many PNs have the appearance of limb-brightened
elliptical rings that are brightest on their minor axes, it is natural
to consider models in which the nebulae have an elongated,
hollow shell structure. Models with this simple geometry, such
as the prolate ellipsoidal shell discussed byMasson (1989, 1990),
are successful in reproducing many of the shapes observed in
PNs. This was followed by the work of Aaquist & Kwok (1996),
who developed a prolate ellipsoidal shell (PES) model to fit the
radio images of PNs. Their model contains a spherical shell
with both radial- and latitude-dependent density gradients that
is ionized by a central star to various depths in different latitu-
dinal directions. The ionized shell, when viewed at different
angles, results in a variety of morphologies seen in PNs. The pa-
rameters derived from the PES model reveal the asymmetric
distribution of the ionized gas in the nebula. The PES model
was later called the ES (ellipsoidal shell) model and explored
extensively by Zhang & Kwok (1998) to investigate the sta-
tistical distributions of the asymmetry parameters. However,
because of a typographical error in the source code, there are
some uncertainties in the derived model parameters in Zhang &
Kwok (1998).
In order to simulate dust extinction effects, we have modified
the ES model to include a dust distribution with a constant gas-
to-dust ratio, and we refer to this model as the dusty ellipsoidal
shell (DES) model. The DES model has been used to analyze
the observational images, including radio continuum, H, and
dust extinction maps, to constrain the ionized gas and dust dis-
tributions in compact PNs. These different images of the same
object provide a way to study the distribution of dust in PNs
and also give better constraints on the model parameters than a
single radio or optical image would. One advantage of using the
model is that it helps to remove projection effects and to con-
struct the three-dimensional structures of PNs. The DES model
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Fig. 3.—Uncertainty optical depth (contours) of BD +30 3639 (top left), IC 5117 (top right), M1-61 (middle left), M2-43 (middle right), and M3-35 (bottom)
superposed on the optical depth map in a gray scale. For BD +30 3639 the contour levels are 0.1, 0.2, 0.3, and 0.4, with 0.1 showing in white. For IC 5117 they are
0.02, 0.04, 0.06, 0.08, 0.1, and 0.2, with 0.02 showing in white. For M1-61 they are 0.03, 0.06, 0.09, 0.12, 0.2, and 0.3, with 0.03 showing in white. For M2-43 they
are 0.02, 0.05, 0.1, 0.2, and 0.3, with 0.02 showing in white. For M3-35 they are 0.03, 0.06, 0.09, 0.12, and 0.2, with 0.03 showing in white.
will give a quantitative classification of a PN’s morphology rather
than the standard descriptive terms such as round, elliptical, or
bipolar.
5.1. The Geometry of the DES Model
The geometry of the DES model is shown in Figure 4. A
single (hot) star is located inside a shell of ionized gas. The
inner region of the nebula is assumed to be empty, supposedly
swept clean by a wind from the central star. For simplicity, the
empty region is assumed to be a prolate or oblate spheroid, de-
pending on the choice of polar radius a and equatorial radius b.
The shape of the shell is the result of the interacting winds pro-
cess, inwhich either the slowAGBwind is equatorially enhanced,
or the fast central star wind is nonisotropic (e.g., collimated),
or both. The distance from the star to the inner edge of the gas
Rs can be calculated from a, b, and the polar angle . The UV
photons from the central star ionize the surrounding gas out to
a distance Ri, which depends on Rs and the density structure of
the surrounding nebula.
The model assumes that the central star is emitting ionizing
photons isotropically and that the ionized nebula is ionization
bounded along any radial direction from the central star. The depth
of the ionization front along any radial vector is approximately
given by
dL
d
¼B
Z Ri
Rs
n2 r; ; ð Þr2 dr; ð7Þ
where dL/d, the number of local ionizing photons (L) per
unit solid angle (), is set equal to the total number of re-
combinations within the local ionized region. In this equation,
B is the recombination coefficient, excluding captures to the
ground level (case B approximation), n(r, , ) is the density
structure of the swept-up shell, r, , and  are spherical co-
ordinates, and Ri is a function of  and  that depends on the
density distribution. For simplicity, a separable density law is
assumed, so that n(r; ; ) ¼ n0	r		; here n0 is the density at
the inner edge, where (r; ; ) ¼ (Rs; 0; 0), and 	r, 	 , and 	
are dimensionless quantities describing the density relative to
n0:
	r ¼ r
Rs
 

; ð8Þ
	¼ f ;
1 ð Þ 2

 
þ  if 0  
2
;
1 ð Þ 2 2

 
þ  if 
2
   ;
8>><
>>:
ð9Þ
	¼ f: ð10Þ
In this formulation, 
 gives the logarithmic radial density gra-
dient,  gives the pole-to-equator density ratio,  governs the
shape of the angular density function, and f and f are addi-
tional asymmetry factors,
f¼  þ 1 ð Þexp cos  0ð Þ1½ ; 0 1;
ð11Þ
f¼ þ 1 
 
exp cos 0ð Þ1½ ; 0 1;
ð12Þ
where these control asymmetry in the latitude () and longitude
() directions, respectively. These two asymmetry factors are
used to produce the departure from axisymmetry seen in many
PNs. For simplicity, the phases 0 and 0 are both assumed to be
0

, so that f and f are maximized (=1) for  ¼ 0 and  ¼ 0
and minimized for ¼180 and  ¼180.
With the given radial density law 	r , equation (7) can be in-
tegrated to give a simple analytical solution:
dL
d
¼ B
Z Ri
Rs
n0	r		
 2
r 2 dr
¼ n0		
 2
B
Z Ri
Rs
r2
þ2R2
s dr
¼ n0		
 2
BR
3
s
Ri=Rsð Þ2
þ31
2
 þ 3 : ð13Þ
Once the parameters describing the inner boundary, the den-
sity law (
, 	, 	), and the equatorial axis shell thicknessb ¼
½Ri  Rs¼90 are chosen, the outer ionized boundary Ri(, )
can be calculated from equation (13).
The ionized shell is then projected onto the plane of the sky at
different inclination angles i. For i ¼ 0, the nebula is seen pole-
on, i.e., the line of sight is perpendicular to the equatorial plane.
The edge-on case has i ¼ 90, with the line of sight in the equa-
torial plane. The projected emission from the ionized region is
calculated by assuming that the intensity of the recombination
H line and the radio continuum emission is proportional to the
integration of the square of the density function along the line of
sight (eqs. [8]–[12]). The calculations were done inside a cubic
box containing the nebula.
To simulate the optical extinction effect, we assume that
the dust is well mixed with the gas in the ionized region. Thus,
a constant gas-to-dust ratio is assigned throughout the ion-
ized region, i.e., the amount of extinction is directly propor-
tional to the density function at each integration point. The
Fig. 4.—Geometry of the DES model. The inclination angle i, measured in
the a-b plane, marks the direction toward the observer.
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H emission is then attenuated by the dust extinction using
equation (4).
5.2. The Model Images
The DES model allows us to explore how the morphology of
a nebula changes with various parameters, especially  and .
A series of 128 ;128 pixel model images has been produced
with fixed parameters of a ¼ 20, b ¼18, andb ¼ 6. Themodel
images presented here have no radial density gradient, i.e., 
 ¼ 0.
This is a fairly good approximation, because most swept-up shells
are thought to be relatively thin, allowing little density change
with radius. We have computed the projected images for inclina-
tion angles i ¼ 0, 30, 60, and 90 with different combinations
of  and , as shown in Figures 5–8.
Figure 5 shows the model images with emission calculated
from the integration of the square of the density function along
the line of sight. This simulates the radio continuum images of
the long-wavelength free-free emission not affected by dust.
Figure 6 displays the input dust distribution. The images
are computed from the integration of the amount of extinction
along the line of sight all the way through the nebula. Because
the gas-to-dust ratio is constant inside the ionized region, the
dust distributions appear similar to the model radio images in
Figure 5. If the dust temperature is uniform, and the cloud is
optically thin for the dust thermal emission, the flux emitted by
the dust is directly proportional to the absorption coefficient.
Therefore, these dust distributions can mimic infrared images
of the dust emission.
Figure 7 gives the model images when the dust extinction is
taken into account. As in Figure 5, emission is calculated from
the integration of the square of the electron density, but now it is
attenuated by the dust in front of it along the line of sight. This
simulates the optical H images, which, unlike the radio con-
tinuum maps, are affected by dust. Some images clearly show
an asymmetric appearance caused by dust extinction (e.g., the
image of  ¼1,  ¼ 0:1, and i ¼ 30).
Figure 8 displays output extinction optical depth maps, cal-
culated as the natural logarithm of the ratio of the model radio
and optical images (eq. [5]). Because only dust in front of the
emission can attenuate the light, the amount of dust in the ex-
tinction maps (Fig. 8) is less than the actual amount of dust in
the nebulae (Fig. 6). Comparing these images with the input
dust distributions in Figure 6, the amount of missing dust for
different inclination angles and morphologies can be estimated.
By comparing the radio and H images, the nebular geometry
can be estimated and the asymmetry effect caused by dust for
this viewing geometry can be removed and reveal any intrinsic
asymmetry of the gas distribution.
6. COMPARISON OF OBSERVED AND MODEL IMAGES
In order to constrain the parameters that describe the ge-
ometry and angular density distribution of the PNs presented, a
set of model images was made to compare to each individual
nebula’s observed radio continuum and H images, extinction
maps, and in one case (BD +30 3639), an infrared dust emission
image (from Volk & Kwok 2003). The comparison was made
by visual inspection. The faint emission from the outer parts of
each nebula was chosen to match the observed H images be-
cause their signal-to-noise ratios are much higher than those for
the radio continuum images. For each object, a set of parameters
Fig. 5.—Model radio images assuming no radial density gradient (
 ¼ 0). The images from top to bottom show the effect of inclination for i ¼ 0, 30, 60, and
90 with different combinations of  and . The first pair of columns has  ¼ 0:9, with  ¼ 1 and 4, respectively. The second and third pairs have  ¼ 0:5 and 0.1,
respectively, also with  ¼ 1 and 4. All images are on a linear gray scale.
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Fig. 6.—Input model dust distributions. Each dust distribution simulates the dust extinction at optical wavelengths, although only the dust in front of the emitting
gas will contribute to the optical extinction (see text for discussion). The parameters and arrangement are the same as in Fig. 5.
Fig. 7.—Model optical images with dust extinction included. The parameters and arrangement are the same as in Fig. 5.
was found that generate model images matching most of the ob-
served images. The images comparing the best models to the
observations for these five nebulae are shown in Figures 9–13.
The parameters used to generate the model images are listed in
Table 4.
6.1. BD +30 3639
The model of BD +30 3639 (Fig. 9) has a relatively small
equatorial thicknessb compared to the size of the inner empty
region, which has a prolate shape with an axial ratio of a/b ¼
1:2. It has a small pole-to-equator ratio of  = 0.1. A small
asymmetry ¼ 0:9 in the longitude direction is added to ex-
plain the unequal intensity of the two sides observed in the radio
image. Dust well mixed with ionized gas is able to reproduce
the anticorrelation of the optical image and extinction map. Due
to its low inclination angle (i ¼15), it has a round appearance.
This low inclination is consistent with the value of i 10
found by Li et al. (2002), who also fit the radio image and the
spectra by approximating the nebula as an ellipsoid. But a com-
parison with the model image in Figure 7 (second column from
the right) suggests that BD +30 3639 would appear as a prom-
inent bipolar nebula if viewed edge-on.
6.2. IC 5117
The model of IC 5117 (Fig. 10) also has a relatively small
equatorial thickness compared to the inner empty region, with a
prolate axial ratio a/b ¼ 1:67. It has a small pole-to-equator
ratio of  ¼ 0:1. No asymmetry factor in the longitude direction
is needed. The brighter region toward the east in the optical
image and the higher extinction toward the west can be repro-
duced by a dust distribution with a constant gas-to-dust ratio.
The model images have an intermediate inclination angle of
i ¼ 40.
6.3. M1-61
The model of M1-61 (Fig. 11) has an equatorial thickness
comparable to the dimension of the inner empty region,which has
a prolate axial ratio of a/b¼1:2. It has a small pole-to-equator
ratio of ¼ 0:2. A small asymmetry ¼ 0:9 in the longitude
direction is needed to explain the mildly brighter western peak
in the radio image. The anticorrelation of the optical bright peak
in the west and the strong extinction peak in the east can be re-
produced by the well-mixed dust. However, it is not as prom-
inent as in the observed images. The model images has a high
inclination angle of i¼ 70, and they suggest that a higher dy-
namic range image of M1-61 will reveal a pair of bipolar lobes.
6.4. M2-43
The model of M2-43 (Fig. 12) also has a relatively small
equatorial thickness compared to the inner empty region with a
Fig. 8.—Derived extinction images. The optical depths are calculated by taking the natural logarithm of the ratio of the model radio and optical images. The
parameters and arrangement are the same as in Fig. 5.
TABLE 4
DES Model Parameters of Planetary Nebulae
Object a b b   i  
BD +30 3639 ............. 18 15 5 0.1 1 15 0.9 1
IC 5117 ...................... 20 12 5 0.1 1 40 1 1
M1-61......................... 12 10 8 0.2 1 70 0.9 1
M2-43......................... 20 12 6 0.3 1 45 0.7 1
M3-35......................... 10 12 10 0.4 1 80 1 1
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Fig. 9.—Comparison of the model with the observed images for BD +30 3639. The observed images are in the top panels, and the model images are in the bottom
panels. (a) 6 cm radio continuum emission (Bryce et al. 1997). (b) Gemini 11.7 m emission (Volk & Kwok 2003). (c) HST H emission (from the HST archive).
(d ) Extinction map derived from the radio continuum and H emission. All displays are on a linear scale, except the HST observed and model images are in a square
root scale.
Fig. 10.—Comparison of the model with the observed images for IC 5117. The observed images are in the top panels, and the model images are in the bottom
panels. (a) 2 cm radio continuum emission. (b) HST H emission (Kwok et al. 2003). (c) Extinction map derived from the radio continuum and H emission. The
radio and extinction images are displayed on a linear scale, whereas the HST images are in square-root scale.
Fig. 11.—Comparison of the model with the observed images for M1-61. The images are arranged in the same manner as in Fig. 10.
Fig. 12.—Comparison of the model with the observed images for M2-43. The images are arranged in the same manner as in Fig. 10.
prolate axial ratio a/b¼1:67. It has a relatively small pole-to-
equator ratio of ¼ 0:3. A mild asymmetry  ¼ 0:7 in the
longitude direction is added to reproduce the brighter southern
peak in the radio image. Although a simple constant gas-to-dust
ratio is able to generate an anticorrelation between the H emis-
sion and optical depth, it cannot reproduce optical and extinc-
tion maps that match the observed images well. The model
images have an intermediate inclination angle of i¼ 45.
6.5. M3-35
The model of M3-35 (Fig. 13) has an equatorial thickness
comparable to the dimension of the inner empty region, which
has an oblate axial ratio of a/b¼ 0:83. This is the only object
that requires an oblate model. It has a intermediate pole-to-
equator ratio of ¼ 0:4. No asymmetry factor in the longitude
direction is needed to reproduce the radio image. No obvious
anticorrelation between the optical and extinction maps can be
found. The model images are highly inclined to the line of sight,
with i¼ 80. As in M1-61, a higher dynamic range image is
expected to reveal the bipolar lobes in the northeast-southwest
directions.
7. DISCUSSION
As we can see from Figures 9–13, the model images can gen-
erally simulate the observed images. The remaining differences
could be accounted for by several effects. For example, the
assumed model geometry may be too simple to reproduce all of
the complex small-scale structure of PNs. Other causes could
include clumpy dust distributions that do not follow a simple
constant gas-to-dust ratio. Three out of five PNs show an asym-
metric density distribution in the longitudinal direction, a de-
parture from axisymmetry. As summarized by Soker & Rappaport
(2001), four main processes can result in departure from axi-
symmetry in PNs: interaction with the interstellar medium (ISM),
mass-loss enhancements due to cool starspots, or a wide or close
binary companion. They investigated the effects of companions
and estimated that about 27% of all PNs are expected to acquire
nonaxisymmetric structure from binary interactions. Neverthe-
less, the effects of the ISM are also worth considering. Since the
majority of PNs are distributed near the Galactic plane where
the mean density of the ISM is higher, significant interaction
between PNs and the ISM is expected. Such phenomena can be
seen from the disturbed emission on the outskirts of some nebulae
(e.g., Xilouris et al. 1996) and from some apparently off-centered
nuclei (e.g., Sh 2-216, Tweedy et al. 1995; KFR 1 andMeWe 1-4,
Rauch et al. 2000).
The electron densities of these five PNs are all found to be
higher near their equators than near their poles. The small pole-
to-equator density ratios () of some nebulae indicate that they
would show a bipolar morphology if seen edge-on. The fraction
of intrinsic bipolar PNs therefore is likely to be higher than
suggested by classification by apparent morphology. Since the
morphology of PNs has been proposed to relate to their physical
properties (e.g., bipolar nebulae have been suggested to corre-
late with nebulae with more massive central stars; Stanghellini
et al. 1993), it is therefore important that we have a good under-
standing of the intrinsic structures of PNs. By using models
such as the DES, we can more reliably estimate the fraction
of bipolar nebulae and therefore assess any correlation with the
physical properties of the PNs.
8. CONCLUSIONS
We have derived the dust distribution in five compact
PNs from their H and radio images. From this study, we are
Fig. 13.—Comparison of the model with the observed images for M3-35. The images are arranged in the same manner as in Fig. 10.
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able to determine the extent of the contribution by dust extinc-
tion to the apparent departure from axisymmetry in these PNs.
By comparing these results with simulations generated by the
ellipsoidal shell model, we can infer the intrinsic morphologies
of the PNs. This method gives a more quantitative approach to
the analysis of PN morphology than visual inspection of ap-
parent morphology and is therefore more capable of deducing
proper statistics on the distribution of morphological types of
PNs.
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